
Maximum points 160. Time: 4 hours

Final Exam: PHY 332 Condensed Matter Physics

Class of 2012

Attempt all questions. All questions carry equal marks.

1. For a one-dimension lattice with constant a, given that ε(k) = ε0 − 2εg cos(ka),

(a) Calculate group velocity v and effective mass m∗ as a function of wavevector k.

(b) If a uniform electric field is applied at time t = 0, find time dependent solutions

for m∗, v(t) and x(t) and sketch these three quantities. What is the average current

density?

(c) The motion you calculated in part (b) is called Bloch oscillations. How strong an

electric field is required to have Bloch oscillations in less than a relaxation time of

copper at T = 0 0C? It is given that relaxation time for copper is τ = 2.7 × 10−14 s

and lattice constant is a = 3.61 A0.

(d) Calculate the electrical conductivity σ and thermal conductivity κ of copper

(simple cubic structure) at T = 0 0C using κ = π2

3

(
kB

e

)2
Tσ.

2. What is the angle between the reciprocal lattice vectors G100 and G111 of a simple

cubic lattice? To what plane of the direct lattice is G100 ×G111 perpendicular?

3. Figure shows two parallel planes of atoms with spacing d in a crystal. Each plane

consists of lines of atoms in the direction perpendicular to the paper, with a spacing of

c between the lines. X-rays of wavelength λ have an angle of incidence θ with respect

to the planes. The rays leaving at an angle φm are those of diffraction order m for

the first plane considered as a plane grating. You are told that these rays interfere

constructively with rays reflected from lower planes. Show that,

mλ = c[cos φm − cos θ]

and

nλ = d[sin φm + sin θ],
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where m and n are integers. Show that a crystal plane exists making an angle 1
2
(φm−θ)

with the original set of planes, for which the diffracted rays shown in figure are the

result of specular reflection satisfying the Bragg condition.

d
c

θ φm

4. Derive an expression for the temperature at which the thermal lattice energy is equal

to the zero point energy for an Einstein model, all modes degenerate at frequency ωE.

Now write down a condition for the equality of zero point energy and thermal energy

for a Debye solid with a speed of sound v0.

5. (a) Find the magnetization as a function of magnetic field and temperature for a

system of spins with S = 1, moment µ and concentration n.

(b) Show that in the limit µB ¿ kBT the result is M ∼= (2nµ2/3kBT )H.

6. The equation for magnetic field penetration in a superconductor may be written as

λ2∇2B = B, where λ is the penetration depth.

(a) Show that B(x) inside a superconducting plate perpendicular to the x axis and of

thickness δ is given by

B(x) = Ba
cosh (x/λ)

cosh (δ/2λ)
,

where Ba is the field outside the plate and parallel to it; here x = 0 is at the center

of the plate.

(b) The effective magnetization M(x) in the plate is defined by B(x)−Ba = 4πM(x).

Show that, 4πM(x) = −Ba(1/8λ
2)(δ2 − 4x2), for δ ¿ λ.

7. (a) From the dispersion relation ω = ωm| sin 1
2
ka| for a monoatomic lattice of N atoms
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with nearest neighbor interactions, show that the density of modes is

D(ω) =
2N

π

1

(ω2
m − ω2)1/2

,

where ωm is the maximum frequency.

(b) Suppose that an optical phonon branch has the form ω(k) = ω0 −Ak2 near k = 0

in three dimensions. Show that D(ω) =

(
L
2π

)3(
2π

A3/2

)
(ω0 − ω)1/2 for ω < ω0 and

D(ω) = 0 for ω > ω0. Here the density of modes is discontinuous.

8. (a) An external magnetic field
−→
H induces an additional magnetic moment

−→µ A = − e
2mc

−→
L , where

−→
L is angular momentum of all electrons along magnetic

field. With magnetization M = µANA, find an expression for diamagnetic suscepti-

bility.

(b) The wave function of hydrogen atom in its ground state (1s) is

ψ = (πa3
0)
−1/2 exp(−r/a0), where a0 = ~2/me2 = 0.529 × 10−8 cm. The charge

density is ρ(x, y, z) = −e|ψ|2, according to the statistical interpretation of the wave

function. Show that for this state < r2 >= 3a2
0, and calculate the molar diamagnetic

susceptibility of atomic hydrogen.
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Help Sheet

me = 9.11× 10−31 kg.

mCu = 1.0me.

e = 1.602× 10−19 C.

c = 3× 108 ms−1.

kB = 1.38× 10−23 JK−1.

NA = 6.022× 1023 mole−1.
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